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Abstract
The influence of viscoelasticity on bypass transition to turbulence in channel flow is studied using data from direct numerical
simulations by Agarwal et al. (2014) 1. The initial field is a superposition of a laminar base state and a localized disturbance.
Relative to the Newtonian conditions, the polymeric FENE-P flow delays the onset of transition and extends its duration. The
former eﬀect is due to a weakening of the pre-transitional disturbance field, while the prolonged transition region is due to a slower
spreading rate of the turbulent spots. Once turbulence occupies the full channel, a comparison of the turbulence fields shows
that energetic flow structures are longer and wider in the polymeric flow. The final turbulent state is compared to elasto-inertial
turbulence (EIT), where the polymer conformation field takes the form of elongated sheets with wide spanwise extent.
c© 2014 The Authors. Published by Elsevier B.V.
Selection and peer-review under responsibility of ABCM (Brazilian Society of Mechanical Sciences and Engineering).
1. Introduction
The process of bypass transition triggered by a localized disturbance in channel flow2 can be divided into three
successive stages. The first is linear growth and is characterized by an amplification of the disturbance energy due
to the lift-up mechanism. This is followed by non-linear growth where streaky structures become dominant. These
structures are made up of high streamwise velocity fluctuations. The streaks eventually break down due to a secondary
instability mechanism3,4 which takes the form of a roll-up process, leading to the creation of a turbulent spot and the
onset of turbulence. While turbulence ultimately fills the channel in both the Newtonian and polymeric flow, the final
flow states are remarkably diﬀerent: Drag can be significantly reduced in the polymer flow relative to the Newtonian
case5,6,7,8.
The drag reducing eﬀect of polymers in fully turbulent wall-bounded flows was discovered by Toms (1948)5 and,
due to its practical applications, has been the subject of several studies since. Direct Numerical Simulations (DNS)
have been employed extensively to understand this phenomenon. These eﬀorts have shed light on the eﬀects of
polymers on the turbulent kinetic energy statistics9,10 and on the flow structures through calculations in minimal flow
units11,8. Drag reduction in fully turbulent channel flow has been reported to increase with increasing elasticity of the
flow. An upper limit of this phenomenon, referred to as maximum drag reduction (MDR), has been documented12
and is characterized by a mean velocity profile called the Virk asymptote. In recent studies13,14, the state of elasto-
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inertial turbulence has been proposed as an explanation for the maximum drag reduction limit. Flow structures which
characterize this state consist of alternating spanwise oriented regions of rotational and extensional flow14. The
authors propose that the polymers are stretched in laminar flow by the action of shear. Upon the introduction of
disturbance in the flow, regions of high polymer extension arranged in the form of thin sheets are formed, which are
tilted upwards in the wall-normal direction. The large extension of the polymer sheets results in an increase of the
extensional viscosity of the flow in this region.
In the current study, we analyze results from the first direct numerical simulations of bypass transition in polymeric
channel flow1. The simulations capture the evolution of a three dimensional localized disturbance in non-Newtonian
channel flow through the transition process and up to the resulting drag-reduced turbulent state. The FENE-P model
is adopted to simulate a dilute polymeric solution, and the parameters of the simulations are designed to lead to an
MDR state.
2. Setup
For a polymeric solution of uniform concentration, the governing flow equations are,
∂tui + u j∂ jui = −∂i p +
β
Re
∂ j∂ jui +
1 − β
Re
∂ jτi j; ∂ ju j = 0 (1)
∂tci j + uk∂kci j = ck j∂kui + cik∂ku j − τi j. (2)
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1
We
(
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1 − 3/L2max
)
. (3)
In the equations above, β is the ratio of the solvent viscosity to the total viscosity and τi j is the stress tensor
representing the interaction between the polymer chain and the solvent. The conformation of the polymer chains is
given by the tensor ci j. The Weissenberg number, We, is the ratio of the polymer relaxation time to the flow time
scale, and the extensibility of the polymer chain is limited to a maximum prescribed value, Lmax. Instantaneous flow
variables are decomposed according to φ(x, t) = φ(y, t)+φ′(x, t), where φ(y, t) is the streamwise and spanwise average
and φ′(x, t) is the perturbation.
The localized disturbance which triggers transition is a pair of counter-rotating vortices aligned in the streamwise
direction (see figure 1), and was previously used in the Newtonian literature2. The disturbance streamfunction and
velocity are,
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(x′, z′) = (xcosθ − zsinθ, xsinθ + zcosθ) (6)
f (y) = (1 + y)p(1 − y)q. (7)
The constants lx, ly and lz are the streamwise, wall-normal and spanwise length scales of the disturbance and  is its
amplitude. For this study, lx = lz = 2. The exponents of the wall-normal dependence are also equal, p = q = 2.
This disturbance is added to a non-Newtonian laminar base flow in the channel and simulations are performed at
Reynolds number Re = 2,000 based on the channel half height and bulk flow velocity in a constant mass flow rate
configuration. A grid refinement study was carried out in order to ensure that the flow is fully resolved.
The computational domain for all simulations presented herein has dimensions Lx = 48, Ly = 2, Lz = 24 in
the streamwise, wall-normal and spanwise directions respectively. The spatial discretization of the Navier-Stokes
equations is performed using a control-volume formulation. The equations are advanced in time using a fractional-
step algorithm where the diﬀusion and polymer stress terms are treated implicitly using Crank-Nicholson, and the
advection terms are treated explicitly. Spatial derivatives of the conformation tensor in equation 2 are computed using
a third order upwind central scheme. To ensure numerical stability, a local artificial diﬀusivity is added at locations
where the conformation tensor loses its positive definiteness15. Artificial diﬀusivity is restricted to less than 10 % of
the grid nodes, which is consistent with previous studies16.
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Fig. 1. The localized disturbance represented by iso-surfaces of the streamwise vorticity. The grey surface represents positive vorticity and the dark
surface, negative vorticity. The iso-surfaces are marked with streamtraces of the perturbation velocity.
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Fig. 2. Energy amplification for the large amplitude vortex pair. ——: Newtonian; – – –: We = 15, β = 0.9, Lmax = 100.
3. Results
The overall eﬀect of the polymer is a delay in transition to turbulence and reaching a statistically stationary turbulent
state. For the results presented, We = 15, β = 0.9 and Lmax = 100. The transition process is prolonged, as shown
by the evolution of the total perturbation energy plotted in figure 2. The friction Reynolds numbers achieved in the
fully-turbulent state are Reτ = 132 for the Newtonian case and Reτ = 90 for the polymer flow. Figure 2 shows that
the suppression of disturbance energy begins in the linear growth phase. During this early time, the spanwise and
wall-normal components of the polymer contribution to the perturbation energy budget (polymer work) are negative
(t = 0 to t = 10 in figure 3). This results in a supression of the corresponding spanwise and wall-normal velocity
perturbations, leading to a lower rate of energy growth.
Further evolution of the disturbance leads to the formation of streaky structures which become dominant, and
mark the beginning of the non-linear growth phase. The formation of these structures is resisted by the negative
streamwise component of polymer work, as seen beyond t = 15 in figure 3. The structures with high streamwise
perturbation velocity are therefore weaker in non-Newtonian flow than in Newtonian flow, which is in agreement with
the observations from calculations in minimal flow units8. Another point of diﬀerence in non-Newtonian flow which
results in the prolonged transition process is the slower pace at which turbulence spreads across the channel. The
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Fig. 3. Components of polymer work during the early stages of transition. – · – · –: Total polymer work; : streamwise; : spanwise; •:
wall-normal.
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Fig. 4. Snapshots of u′ at y = −0.56 during the evolution of the large amplitude vortex pair. Figures (a) to (c) represent non-Newtonian flow
during transition at We= 15, Lmax = 100, β = 0.9 and t = {200, 400, 600}. (d) and (e) are a comparison of non-Newtonian and Newtonian flows,
respectively, at t = 900. Contour limits: [−0.2 0.2].
snapshots in figure 4a-c show this spreading process, which spans approximately 750 time units relative to 200 time
units in the Newtonian case.
Even when turbulence occupies the entire channel, the Newtonian and polymeric flow still diﬀer substantially.
Comparison of instantaneous perturbation fields (see figures 4d and e) shows that the turbulence structures have a
larger extent in both the streamwise and spanwise directions in the non-Newtonian case. For a quantitative assessment
of this diﬀerence, the energy spectral density for the turbulent regime in both flow configurations is plotted in figure
5.
The energy distribution across the wavenumbers confirms the observations from the snapshots in figure 4. In the
streamwise direction (figure 5a), in Newtonian flow, energy is highest at the smaller wavenumbers, with a decrease in
energy for higher values of kx. This eﬀect is amplified in non-Newtonian flow (figure 5b). The magnitude of energy
for small kx is larger than in Newtonian flow. This is followed by a steep drop-oﬀ in energy for higher wavenumbers,
which indicates that the energy is concentrated at very low streamwise wavenumbers. In the spanwise direction, energy
across the wavenumber spectrum in Newtonian flow is distributed more evenly than in the streamwise direction with
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Fig. 5. Energy spectra of u′ at Reb = 2000 and y = −0.56 in turbulent flow. (a) Streamwise, (b) spanwise. ——: Newtonian flow, – – –:
non-Newtonian flow at We= 15, Lmax = 100, β = 0.9.
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Fig. 6. Two point correlation of u′ at Reb = 2000 and y = −0.56 in turbulent flow. (a) Streamwise separation, (b) spanwise separation. ——:
Newtonian flow, – – –: non-Newtonian flow at We= 15, Lmax = 100, β = 0.9.
a peak at kz ∼ 2. In non-Newtonian flow, the magnitude of energy in the lower wavenumber regime is considerably
higher and the peak moves to a smaller wavenumber.
The diﬀerences in the energy spectrum between Newtonian and non-Newtonian flow point to diﬀerences in flow
structures in the two configurations. The two-point correlations of the streamwise velocity perturbation in the stream-
wise and spanwise directions are plotted in figure 6. There is a considerable diﬀerence in the correlation in the
streamwise direction. In Newtonian flow, the correlation drops to a negligible value beyond x ∼ 5, indicating that
the extent of the largest streamwise structure is only a fraction of the domain. In non-Newtonian flow, the correlation
is higher across the channel but reaches a minima at x = Lx/2. Simulations of fully turbulent viscoelastic flow have
previously been performed for a range of domain sizes in regimes of varying drag reduction17. For the maximum drag
reduction scenario, the current result for streamwise correlation in figure 6 is in agreement with the published results
for a computational domain with a comparable streamwise extent. The higher correlation in the non-Newtonian con-
figuration indicates the presence of flow structures which are considerably longer in the streamwise direction. This
supports the empirical observations from figure 4d and e.
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Fig. 7. Mean velocity profiles normalized using inner variables. ——: Newtonian; – – –: We = 15, β = 0.9, Lmax = 100; · · · · · ·: Virk asymptote.
The diﬀerence in the two-point correlation between Newtonian and non-Newtonian flow in the spanwise direction
is clearly visible in figure 6b. The first minima of the correlation is an indication of the spanwise size of the dominant
flow structures. In Newtonian flow, this minima occurs at z ∼ 0.7, while in non-Newtonian flow, the width z ∼ 1.5,
indicative of wider structures. This supports qualitative comparisons of the spanwise extent of the flow structures
from snapshots of the flow (figure 4d and e).
For this study, the turbulent viscoelastic flow is in a Maximum Drag Reduction (MDR) state. This is confirmed by
the mean velocity profile in figure 7 which matches the Virk Asymptote. In recent literature on viscoelastic channel
flow, an MDR state at moderate Reynolds number has been described as “elasto-inertial turbulence” (EIT)13,14. The
mean flow profile for the current study (figure 7) matches that description. Samanta et al. (2013) also note that
EIT is characterized by sheet-like structures of polymer extension which are large in the streamwise and spanwise
dimensions, which warrants a comparison to the structures observed in the current simulations.
In the work by Samanta et al. (2013), the spanwise extent of each structure of polymer extension is as large as
their computational domain and the streamwise extent is a considerable portion of the channel. In addition, the flow
alternately goes through an active state in which the structures are strong and a hibernating state in which they weaken.
Large structures of polymer extension with a physical size similar to those reported for EIT13 are also established in
the fully turbulent state of the current study (figure 8). The ratio of the polymeric extension to maximum extensibility
plotted along the vertical walls in the figure shows that the sheet-like structures are tilted at an upward angle from the
streamwise direction, as reported for EIT. The pressure perturbations which redistribute energy across components of
momentum in response to the polymer stretching14, are plotted along the bottom wall. Though there are similarities in
the plotted structures of polymer extension and pressure perturbation with EIT, they do not exhibit the near spanwise
independence of the structures in that regime. Our computational domain is, however, five times larger in each of the
horizontal dimensions. As a result, the structures occupy only a fraction of the channel.
In a subset of the current domain, comparable in size to that in studies of EIT, the plotted variables appear very
similar to those reported (compare figure 8b with figure 4b of Samanta et al. (2013)13). The sheets of polymer
extension as well as the pressure perturbations cover a considerable part of this subdomain. This two-dimensional
nature of the structures is replicated intermittently in the large domain.
4. Conclusions
The current study reports on the first direction numerical simulations of bypass transition to turbulence in viscoleas-
tic channel flow. Elasticity has a dual eﬀect in the transition regime: It weakens the amplification of the pre-transitional
disturbance field and as a result delays the onset of transition. It also reduces the spreading rate of the turbulence spots
and hence prolongs the transition period. Beyond transition, the polymeric flow reaches a fully-turbulent MDR state.
A comparison of the energy spectral density with the Newtonian flow reveals that more energy is concentrated in
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Fig. 8. Top: snapshot of fully turbulent flow at Re = 2,000, We = 15, Lmax = 100, β = 0.9. Contours along the vertical walls represent
√
tr(C)/Lmax
with limits [0 0.9]. Along the horizontal wall, p′ is plotted with limits [−0.004 0.004]. Bottom: a zoomed-in view of the top figure.
the lower horizontal wavenumbers in the presence of elasticity. This is supported by the two point correlations of
u′, which indicate the presence of larger flow structures in both the streamwise and spanwise directions. Relative
to previous studies, our simulation parameters fall in the regime of elasto-inertial turbulence. The literature on EIT
indicates that the polymer conformation field takes the form of two-dimensional structures that have the same width
as the channel. Our simulations adopted a computational domain that is much larger in the horizontal dimensions than
previous studies. Our results demonstrate that these structures are not two dimensional, but rather very wide in the
spanwise direction.
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